Abstract. In this note we derive a new Minkowski-type inequality for closed convex surfaces in the hyperbolic 3-space. The inequality is obtained by explicitly computing the area of the family of surfaces obtained from the normal flow and then applying the isoperimetric inequality. Using the same method, we also we give elementary proofs of the classical Minkowski inequalities for closed convex surfaces in the Euclidean 3-space and in the 3-sphere.
Introduction
The classical Minkowski inequality for closed convex surfaces S ⊂ R 3 (that is, smooth surfaces which are boundaries of convex bounded open sets) reads
with equality if and only if S is a sphere, where H ≥ 0 is the mean curvature 1 of S and |S| is its surface area. It was used by Minkowski himself to give a proof of the isoperimetric inequality for closed convex surfaces [Min03, Oss78] , by Gibbons to prove the Penrose inequality for null dust shells in Minkowski spacetime [Gib97, Mar09] , and by Lam to prove the Penrose inequality for graphs [Lam10] . Minkowski-type inequalities for closed convex surfaces in hyperbolic space were proved by Gallego and Solanes [GS05] and de Lima and Girão [dLGa12] , who then used them to prove the Penrose inequality for asymptotically hyperbolic graphs. Similar inequalities were obtained by Brendle, Hung and Wang for the the Anti-de Sitter-Schwarzschild manifold [BW12] .
In this note we reverse Minkowski's idea and prove the Minkowski inequality starting with the isoperimetric inequality. The idea is the following: using the Gauss-Bonnet theorem, we obtain (Section 1) an explicit expression for the area of the surfaces S t obtained from a compact co-orientable surface S by flowing a distance t along the orthogonal geodesics. If S is convex and we take the outward co-orientation then this flow is well defined for all t ≥ 0; we then observe (Section 2) that if the Minkowski inequality did not hold for S then S t would violate the isoperimetric inequality for sufficiently large t (note that we do not obtain the rigidity statement).
Since the formulas obtained in Section 1 work for surfaces in any constant curvature 3-manifold, we can use the same method in the hyperbolic space. In Section 3 we prove:
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Theorem 0.1. Let S be a closed convex surface in the hyperbolic 3-space H 3 (that is, S is a smooth boundary of a geodesically convex bounded open set). Then
where H is the mean curvature of S, |S| is its surface area and V is the volume enclosed by S.
Although the equality holds when S is a sphere, we do not obtain a rigidity statement (nor do we know whether it is true). We note that the weaker inequality S H ≥ 4V was proved in [GS05] (cf. footnote 1 when comparing). Still in Section 3 we explain how (2), which is seemingly quite different from the Minkowski inequality (1), reduces to it for surfaces S with small diameter (as compared to the radius of curvature of the hyperbolic space).
For completeness, the formulas obtained in Section 1 are used in Section 4 to prove:
Theorem 0.2. Let S be a closed convex surface in the 3-sphere S 3 (that is, S is a smooth boundary of a geodesically convex open set). Then
where H is the mean curvature of S and |S| is its surface area. Moreover, equality holds if and only if S is a sphere.
This result was stated without proof in [Bla38] , and was first proved in [Kno52] . Our proof is essentially the one given in [San63] . In this case we do obtain a rigidity result; this is because for the 3-sphere the potential violation of the isoperimetric inequality occurs at a finite distance from S, rather than at infinity, as is the case for the Euclidean or the hyperbolic spaces.
Finally, in Section 5 we compare Theorems 0.1 and 0.2 and the classical Minkowski inequality, and discuss other Minkowski-type inequalities for closed convex surfaces in H 3 .
Normal flow
Let (M, g) be a Riemannian (n + 1)-dimensional manifold and S ⊂ M a compact co-orientable hypersurface. Given a choice of a smooth unit normal ν on S we define (for sufficiently small ε > 0) the map exp : (−ε, ε) × S → M by the formula exp(t, p) = c p (t), where c p : (−ε, ε) → M is the geodesic with initial conditioṅ c p (0) = ν p . We can choose ε so that each of the maps exp t : S → M defined by exp t (p) = exp(t, p) is an embedding, and so each set S t = exp t (S) is a compact co-orientable hypersurface with unit normal given by ν exp t (p) =ċ p (t). As is well known (see for instance [CLN07] ), the n-dimensional area of these hypersurfaces satisfies d dt
where H andR are the mean and scalar curvatures of S t , and Ric and R are the Ricci and scalar curvatures of M . In the particular case when M is a manifold of constant curvature K we have Ric(ν, ν) = nK and R = (n + 1)nK, yielding
If n = 2, we obtain from the Gauss-Bonnet Theorem
, where χ(S t ) is the Euler characteristic of S t . In the case when S (and therefore S t ) is homeomorphic to S 2 , this becomes
Euclidean 3-space
As a warm-up exercise, we give an elementary proof of the Minkowski inequality for closed convex surfaces in the Euclidean 3-space R 3 (that is, smooth surfaces which are boundaries of convex bounded open sets). Notice that such surfaces are automatically homeomorphic to S 2 , and their normal flow is well defined for t ≥ 0. If we set A(t) = |S t | then we have from (4) with K = 0 A(t) = 8π, which can be immediately integrated to
The volume V (t) of the convex open set bounded by S t varies aṡ
and so
where V 0 = V (0). A straightforward computation yields
where P is a polynomial of degree 3. Since the isoperimetric inequality
must hold for all t ≥ 0, we conclude thaṫ
Note however that this method does not yield the rigidity statement (that if the equality holds in (1) then S is a sphere).
Hyperbolic 3-space
We now turn to closed convex surfaces in the hyperbolic 3-space H 3 (that is, smooth surfaces which are boundaries of geodesically convex bounded open sets). Notice that such surfaces are automatically homeomorphic to S 2 , and their mean curvature is nonnegative. Since H 3 has negative curvature K = −1, the normal flow cannot develop conjugate points, and a simple argument involving the sum of the internal angles of a geodesic triangle shows that different normal geodesics cannot cross. We conclude that the normal flow is is well defined for t ≥ 0. We now have from (4), again setting A(t) = |S t |, A(t) = 4A(t) + 8π, which can be immediately integrated to
where
The volume V (t) of the convex open set bounded by S t varies aṡ V (t) = A(t),
The formulas for the area and volume of a sphere of radius r can be obtained from the limit when S approaches a single point (A 0 =Ȧ 0 = V 0 = 0):
The radius r(t) of the sphere with the same area as S t can then be obtained by solving cosh(2r) = Re 2t + T e −2t . As t → +∞ we have 2r ∼ log(2R) + 2t
with exponentially small error; therefore
again with exponentially small error. Since by the isoperimetric inequality we must have V (t) ≤ V (r(t)) for all t ≥ 0, we conclude thaṫ
which is exactly inequality (2) in Theorem 0.1. It is interesting to see how this inequality reduces to the Euclidean Minkowski inequality (1) for small surfaces. One first notices that it implieṡ
Noting that
we see that to second order inȦ 0 the inequality is jusṫ A 2 0 ≥ 16πA 0 , which is the Euclidean Minkowski inequality (1). Note thatȦ 0 is of the order of the diameter of the set bounded by S, and so requiringȦ 0 ≪ 1 (so that the second order approximation is accurate) is the same as requiring this diameter to be much smaller then the radius of curvature of the hyperbolic space.
A straightforward calculation shows that if S is a sphere then the equality in (2) holds. However, it is not clear if one can make a rigidity statement (that if the equality holds in (2) then S is a sphere).
3-sphere
Finally, we turn to closed convex surfaces in the 3-space S 3 (that is, smooth surfaces which are boundaries of geodesically convex open sets 2 ). Notice that these surfaces are automatically homeomorphic to S 2 , and their mean curvature is nonnegative. Since S 3 has constant curvature K = 1, any conjugate points of the normal flow lie at a distance greater than or equal to π 2 from S, and a simple argument involving the sum of the internal angles of a geodesic triangle contained in a hemisphere shows that different normal geodesics can only cross at a distance greater than or equal to π 2 from S along one of them. We conclude that the normal flow is is well defined for 0 ≤ t < π 2 . We now have from (4), again setting A(t) = |S t |,Ä (t) = −4A(t) + 8π, which can be immediately integrated to
2 Recall that a subset S ⊂ M of a Riemannian manifold (M, g) is geodesically convex if for any two points p, q ∈ S there exists a minimizing geodesic in S joining p to q.
(R ≥ 0, 0 ≤ θ ≤ π), and again
and V (r) = 2πr − π sin(2r). The function A(t) reaches its maximum value 2π(R + 1) for t = (π − θ)/2. The function V (t), on the other hand, is increasing and
So if R < 1 there would exist a surface with area smaller that 4π bounding a volume equal to π 2 , violating the isoperimetric inequality. Therefore we must have
and soȦ
which is exactly inequality (3) in Theorem 0.2. If R = 1, on the other hand, we will have V (t) = π 2 with A(t) ≤ 4π, and so in fact we must have A(t) = 4π and S t must be a unit 2-sphere, meaning that S is also a sphere. This yields the rigidity statement in Theorem 0.2.
Other inequalities
If we define r(t) as the radius of the sphere with the same area as S t , a straightforward calculation shows that inequalities (1) and (3) for closed convex surfaces in R 3 and S 3 can be reinterpreted as saying that (5) dr dt (0) ≥ 1.
For the hyperbolic space H 3 , (5) yields the tempting inequality (6)Ȧ 2 0 ≥ 16πA 0 1 + A 0 4π , which unfortunately cannot be true. This can be seen by considering a convex surface approximating a geodesic disk of radius R, for which A 0 approaches 4π(cosh R − 1) andȦ 0 approaches 2π 2 sinh R, thus violating (6) for sufficiently large R. This observation is due to Naveira and Solanes [NS09] .
Although (6) does not hold, the weaker inequalitẏ 
